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We derive the complete set of geodesic equations for massive and massless test particles of a five-
dimensional, charged, rotating black hole solution of the Einstein-Maxwell-Chern-Simons field equa-
tions in five-dimensional minimal gauged supergravity and present their analytical solutions in terms
of Weierstraß’ elliptic functions. We study the polar and radial motion, depending on the black hole
and test particle parameters, and characterize the test particle motion qualitatively by the means
of effective potentials. We use the analytical solutions in order to visualize the test particle motion
by two- and three-dimensional plots.
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I. INTRODUCTION
All regular, stationary, asymptotically flat solutions of
the Einstein-Maxwell field equations in D = 4 dimensi-
ons are uniquely determined by their mass, angular mo-
mentum, and electric charge, and are in fact given by the
Kerr-Newman family of solutions. Furthermore, this fa-
mily may be extended by a magnetic charge, a cosmologi-
cal constant, a Taub-NUT charge [1] and an accalaration
parameter yielding the complete family of Petrov type
D spacetimes. In the asymptotically flat vacuum case,
this family reduces to the Kerr family, being determined
only by a mass and an angular momentum parameter
[2]. In 1986, R. Myers and M. Perry generalized the Kerr
solution to higher dimensions [3]. Depending on the num-
ber of dimensions D, the Myers-Perry solutions possess
N = (D − 1)/2 independent angular momenta, associa-
ted with rotation in N orthogonal planes.
Remarkably, five-dimensional, stationary vacuum black
holes are not unique. Besides the Myers-Perry solution,
Emparan and Reall have found five-dimensional rotating
black ring solutions [4] with the same angular momenta
and mass but now a non-spherical event horizon topolo-
gy.
Further generalizations of the Myers-Perry solutions in-
clude the general Kerr-de Sitter and Kerr-NUT-AdS me-
trics in all higher dimensions [5, 6].
Today, string theory is a promising candidate for the
quantum theory of gravity. Since it requires extra di-
mensions of spacetime for their mathematical consisten-
cy, there has been growing interest in higher-dimensional
solutions and, in particular, in higher-dimensional black
hole solutions.
The geodesic equation is a powerful tool used to discuss
the properties of a spacetime and exact solutions of the
geodesic equations can be used to calculate spacetime
observales to arbitrary accuracy. There is further inte-
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rest to understand explicitly the structure of geodesics
in the background of black holes in anti-de Sitter space
in the context of string theory and the AdS/CFT corre-
spondence [7].
However, the four-dimensional Kerr-Newman solution of
Einstein’s field equation couldn’t be generalized to higher
dimensions, yet. Nevertheless, there is a related solution
of the Einstein-Maxwell-Chern-Simons (EMCS) equati-
ons of motion in the five-dimensional minimal gauged su-
pergravity [8, 9]. This solution is determined by the mass,
two angular momenta, an eletric charge and the cosmo-
logical constant. A special case of this general spacetime
has been found earlier by J. Breckendridge, R. Myers A.
Peet and C. Vafa [10]. This so-called BMPV spacetime
describes the extremal case with equal-magnitude angu-
lar momenta [11] . The analytical solutions of the related
geodesic equations have been investigated in [12, 13] as
well as in [14].
Reviews of higher-dimensional black hole solutions in va-
cuum or in supergravity theory are, for instance, found
in [15, 16]. Here also black objects with non-spherical ho-
rizon topology are discussed together with the associated
non-uniqueness of higher-dimensional black holes.
In this paper, we want to explore the geodesic features of
the rotating, asymptotically flat solution of the Einstein-
Maxwell-Chern-Simons equations in five-dimensional mi-
nimal gauged supergravity.
In Sec. II, we will present the basic features of this space-
time and derive the geodesic equation by solving the
Hamilton-Jacobi equation. Sec. III contains a qualitati-
ve discussion and a complete characterization of the test
particle dynamics, especially the radial effective potenti-
als are introduced. Sec. IV is dedicated to the analytical
solutions of the equations of motions obtained in Sec. II,
which will be used in Sec V in order to calculate integral
expressions for selected spacetime observales. Finally, we
will present two- and three-dimensional representations
of the related orbits in Sec VI.
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2II. THE FIVE-DIMENSIONAL, CHARGED,
ROTATING EMCS SPACETIME
We will briefly recall the basic properties of the five-
dimensional, rotating, asymptotically flat solution of
the Einstein-Maxwell-Chern-Simons equations and de-
rive the geodesic equations describing the motion of mas-
sive and massless test particles.
A. Metric
The bosonic sector of minimal D = 5 supergravity is
described by the Lagrangian [17]
L = 1
16pi
[√−g(R− F 2)− 2
3
√
3
µνρστAµFνρFστ
]
, (1)
with curvature scalar R, gauge potential Aµ, field
strength tensor Fµν = ∂µAν − ∂νAµ, and the five-
dimensional Levi-Civita tensor density µνλρσ with
01234 = −1. Thus, besides the usual Maxwell term, it
includes the ‘AFF ’ Chern-Simons term with a particu-
lar coefficient [17]. Since this term is odd in the gauge
field, it breaks the A → −A invariance of pure Maxwell
theory.
The metric and the one-form gauge field describing the
five-dimensional, rotating, charged asymptotically flat
black hole spacetime can be obtained from the Einstein-
Maxwell-Chern-Simons (EMCS) equations of motion [9]
Rµν − 1
2
gµνR = 2
(
FµαFν
α − 1
4
gµνFρσF
ρσ
)
,
∇µ
(
Fµν +
1√
3
√−g 
µνλρσAλFρσ
)
= 0.
(2)
The black hole solution is given by the metric
ds2 =− ρ
2dt2 + 2qνdt
ρ2
+
2qνω
ρ2
+
µρ2 − q2
ρ4
(dt− ω)2
+
ρ2dx2
4∆
+ ρ2dθ2 +
(
x+ a2
)
sin2 θ dφ2
+
(
x+ b2
)
cos2 θ dψ2
(3)
with
ρ = x+ a2 cos2 θ + b2 sin2 θ,
∆ =
(
x+ a2
) (
x+ b2
)
+ q2 + 2abq − µx,
ν = b sin2 θ dφ+ a cos2 θ dψ,
ω = a sin2 θ dφ+ b cos2 θ dψ
(4)
in asymptotically static Boyer-Lindquist-like coordinates
(t, x, θ, φ, ψ) [18] and the one-form gauge field
Aµdx
µ =
√
3 q
ρ2
(dt− ω) , (5)
where m is the mass, q is the charge and a, b are the two
independent angular momenta of the black hole.
The special case of q = 0 yields the usual Myers-Perry so-
lution of the Einstein field equations. Note that the stan-
dard radial Boyer-Lindquist coordinate r has been subsi-
tuted in favor of a new radial coordinate x via x = r2, as
proposed for any odd-dimensional Myers-Perry spaceti-
me [3]. The geodesic features of this spacetime have been
studied in [19] for equal-valued rotation parameters and
in [20] for the general case. The metric determinant is
the same as for the uncharged case [3]
√
−det g = 1
2
ρ2 sin θ cos θ. (6)
By the form of the metric, we can see that it becomes
singular at ρ = 0 and ∆ = 0, of which only ρ = 0 is
a physical singularity. The mere coordinate singularity
∆ = 0 defines the horizons of this spacetime, which are
given by
x± =
1
2
(
µ− a2 − b2 ±
√
(µ− a2 − b2)2 − 4 (ab+ q)2
)
,
(7)
depending on the charge q. Here, x+ defines the event
horizon and x− is the Cauchy horizon. Both horizons
merge in the extremal case of |µ− a2 − b2| = |2ab+ q|.
The black hole’s charge affects the constant term of
∆, but is sign-dependent. So, while one sign yields two
regular horizons, the other sign may lead to a naked
singularity and must be forbidden by the cosmic censor-
ship conjecture. This is different to the four-dimensional
Kerr-Newman spacetime, where the horizons are the
same for opposite signs of the black hole’s charges. In
the charged, rotating EMCS spacetime this degeneracy
is removed as a result of the Chern-Simons term in the
field equations.
The singularity at ρ = 0 will determine the curvature
singularity, which is independent of the charge q. It is
well-known that the Kerr and Kerr-Newmann curvature
is ring-shaped. This can easily be seen in Kerr-Schild
coordinates. Moreover, its circumference can by deter-
mined to be 2pia, supporting this statement. In our
case, we obtain the same singularity, which is present in
the uncharged Myery-Perry spacetime. This curvature
singularity is not ring-like but a non-traversable surface
between the radial values x = −b2 and x = −a2,
depending on the value of θ [20].
Another interesting feature of the charged, rotating EM-
CS spacetime is the static limit as well as the enclosed
3Fig. 1: Plot of ∆ for µ = 1, a = 0.3, b = 0.2 and various
values of q. The black solid line denotes the neutral case as
well as dashed lines refer to positive charges q and dotted
lines refer to negative charges. The solid green line denotes
the extremal case, where both horizons merge.
ergosphere, since it is an important hypersurface when
considering frame-dragging effects. We define the static
limit by demanding gtt(r, θ) to be zero, so that the sign of
gtt changes when this hypersurface is crossed. Analogous
to the Kerr-Newman spacetime, this equation yields two
solutions given by the relation
x =
1
2
(
µ±
√
µ2 − 4q2
)
− a2 cos2 θ − b2 sin2 θ. (8)
Obviously, the positive sign solution describes a hyper-
surface outside the event horizon, whole the negative
sign solution is completely covered by the Cauchy ho-
rizon. While in the Kerr-Newman spacetime the corre-
sponding horizons and static limits meet at the poles
(θ = 0, θ = pi2 ), this is only possible for certain sets of
parameters in the charged, rotating EMCS spacetime. If
we choose, e.g.,
q = − abµ
a2 + b2
, (9)
these points are given by
θ = arccos
(
±
√
µ
a2 + b2
)
. (10)
Both solutions merge, when we choose q = 0 for the
uncharged case, leaving the single solution
x = µ− a2 cos2 θ − b2 sin2 θ (11)
for the Myers-Perry spacetime. The static limits of the
four-dimensional analogon, given by the Kerr spacetime,
do not merge for any non-zero rotation parameter. Ho-
wever, in the five-dimensional, charged, rotating EMCS
spacetime, only a non-vanishing charge gives rise to both
solutions of the static limit.
B. Hamilton-Jacobi equation
We will derive the geodesic equations of this spacetime
by applying the Hamilton-Jacobi formalism. Therefore,
we seek for a solution S of the Hamilton-Jacobi equation
[21]
−∂S
∂λ
=
1
2
gµν
∂S
∂xµ
∂S
∂xν
. (12)
Since the metric is independent of t, φ and ψ, we will
relate the corresponding conjugate momenta to the test
particle’s energy E and angular momenta Φ and Ψ, re-
spectively. This motivates an ansatz of the form
S =
1
2
δλ− Et+ Sr(r) + Sθ(θ) + Φφ+ Ψψ, (13)
where Sr(r) and Sθ(θ) are functions on r and θ only. We
introduced a mass parameter δ (δ = 1 for massive and
δ = 0 for massless test particles) and an affine parameter
λ.
The elements of the contravariant metric tensor are given
by
gtt =
1
ρ2
[
(a2 − b2) sin2 θ − αβµ+ α∆− q
2(α+ b2)
∆
]
,
gxx =
4∆
ρ2
,
gθθ =
1
ρ2
,
gφφ =
1
ρ2
[
1
sin2 θ
− (a
2 − b2)β + b2µ+ 2abq
∆
]
,
gψψ =
1
ρ2
[
1
cos2 θ
− (b
2 − a2)α+ a2µ+ 2abq
∆
]
,
gtφ =
(βµ− q2)a+ bβq
ρ2∆
,
gtψ =
(αµ− q2)b+ aαq
ρ2∆
,
gφψ = −abµ+ (a
2 + b2)q
∆ρ2
,
(14)
where
4α = x+ a2,
β = x+ b2.
(15)
Inserting Eq. (13) and Eq. (14) into Eq. (12) yields a par-
tial differential equation for Sr(r) and Sθ(θ). This equati-
on is separable in r and θ and therefore both sides equate
a separation constant K. We will fefer to K as the Car-
ter constant, as introduced in the Kerr spacetime [22].
Solving for Sr(r), Sθ(θ) and differentiating the action S
with respect to the constants of motion (δ,K,E,Φ,Ψ)
yields the geodesic equations
x˙2 = X, (16)
θ˙2 = Θ, (17)
φ˙ =
Φ
sin2 θ
− 1
∆
[(
(a2 − b2)β + µb2 + 2abq
)
Φ (18)
+
(
µab+ (a2 + b2)q
)
Ψ +
(
aβµ+ bβq − aq2
)
E
]
,
(19)
ψ˙ =
Ψ
cos2 θ
− 1
∆
[(
− (a2 − b2)α+ µa2 + 2abq
)
Ψ (20)
+
(
αbµ+ aαq − bq2
)
E +
(
µab+ (a2 + b2)q
)
Φ
]
,
(21)
t˙ = Eρ2 +
1
∆
[(
µαβ − q2(α+ b2
)
E (22)
+
(
aβµ+ bβq − aq2
)
Φ +
(
αbµ+ aαq − bq2
)
Ψ
]
,
(23)
where the dot denotes the derivative with respect to a
new parameter τ , called Mino time [23], related to λ via
dτ =
dλ
ρ2
(24)
as well as
X = 4
( (
E2 − δ)∆x−∆K + E + µM+ 2qQ− q2P),
E = (a2 − b2)(βΦ2 − αΨ2),
M = αβE2 + 2aβEΦ + 2αbEΨ + (bΦ + aΨ)2,
Q = ab (Φ2 + Ψ2)+ (a2 + b2)ΦΨ + Eab(Φβ
a
+
Ψα
b
)
,
P = 2aEΦ + 2bEΨ + (α+ b2)E2,
Θ = (E2 − δ) (a2 cos2 θ + b2 sin2 θ)+K − Φ2
sin2 θ
− Ψ
2
cos2 θ
(25)
have been introduced for brevity.
III. DISCUSSION OF THE MOTION
Before solving the geodesic equations, we will study se-
veral properties of the test particle motion by investiga-
ting the radial (16) and polar equation (17).
A. θ-motion
The θ-motion is described by Eq. (17). This geodesic
equation is identical to the uncharged Myers-Perry ca-
se [20], i.e. the charge does not affect the θ-motion of a
neutral test particle. Furthermore, the θ-motion is inde-
pendent of the black hole’s mass parameter µ. As in the
uncharged case, θ = 0 and θ = pi2 can be reached on-
ly when Φ = 0 and Ψ = 0, respectively. In both cases,
the Carter constant K can be expressed in terms of the
remaining parameters E, Φ, Ψ, a, b and δ. For θ = 0
(Φ = 0), Eq. (17) yields
K = Ψ2 − (E2 − δ) a2 (26)
as well as for For θ = pi2 (Ψ = 0)
K = Φ2 − (E2 − δ) b2. (27)
A constant θ-motion for some other θ0 ∈
(
0, pi2
)
requires
Θ(θ0) = 0,
dΘ
dθ
∣∣∣∣
θ0
= 0. (28)
To make our analysis simpler and our equations single-
valued, we use ξ = cos2 θ. So, ξ ∈ [0, 1] and our θ equation
now becomes
ξ˙2 = a3ξ
3 + a2ξ
2 + a1ξ + a0 =: Ξ, (29)
where the coefficients of the polynomial are given by
a3 = −4(E2 − δ)(a2 − b2),
a2 = 4(E
2 − δ)(a2 − 2b2)− 4K,
a1 = 4(E
2 − δ)b2 − 4Φ2 + 4Ψ2 + 4K,
a0 = −4Ψ2.
(30)
We can now rewrite Ξ as a function of the test particle’s
energy E
ξ˙2 = αξ
(
E2 − V 2θ
)
, (31)
where Vθ is the θ-potential given by
Vθ =
√
−γξ
αξ
(32)
5and αξ, γξ are the coefficients of Ξ = αξE
2 + γξ. It is
clear that the only regimes in which θ-motion is possible
are
1) αξ > 0 and |E| > Vθ.
2) αξ < 0 and |E| < Vθ.
Since αξ is explicitely given by
αξ = 4ξ(1− ξ)
( (
a2 − b2) ξ + b2), (33)
it is non-negative for ξ ∈ [0, 1]. Therefore, we only need to
consider regimes in which |E| > Vθ. Due to the symmetry,
it is sufficient to plot the θ-potential for E ≥ 0 (see Fig.
2).
Fig. 2a represents a symmetric θ-potential for both mas-
sive (δ = 1) and massless (δ = 0) test particles. The grey-
colored area reprpesents energy values for which Ξ < 0
and therefore no physical θ-motion is possible. Due to
Eq. (17), the difference between massive and massless
test particle θ-motion is only given by an energy shift.
In the case of the parameters in Fig. 2a, the massless
test particle cannot reach energy values below the mini-
mum of the θ-potential, which vanishes for the massless
test particle, allowing it to follow geodesics for arbitrary
energy values.
The same behavior occurs for the K-dependence in Fig.
2b.
Fig. 2c illustrates the Φ-dependence. While obtaining
higher values, the angular momentum Φ forces the test
particle to be bounded between smaller values of ξ (the
potential bends towards ξ = 0 or θ = pi2 , respectively).
On the contrary, the potential bends towards ξ = 1
(θ = 0), when obtaining higher values of the black ho-
le’s rotation parameter a, as shown in Fig. 2d. Since Θ is
invariant under the simultaneous transformations
a↔ b, Φ↔ Ψ and θ → θ + pi
2
, (34)
the behaviour of the θ-potential, when varying Ψ and b,
can be deduced from Fig. 2c and Fig. 2d.
Fig. 2e represents a typical θ-potential, where the test
particle may obtain arbitrary energy values, featuring a
possible bounded θ-motion.
Fig. 2f represents a typical θ-potential, where the possible
energy values are constrained by a lower boundary. In
addition to a bounded θ-motion, the test particle may
now remain at a constant value of θ for this special energy
at the potential minimum.
B. x-motion
The x-motion is described by Eq. (16). Similiar to the
θ-equation, we can rewrite the x-equation via
x˙2 = αxE
2 + βxE + γx (35)
and an effective potential, defined by
x˙2 = αx
(
E − V +eff
) (
E − V −eff
)
, (36)
can be expressed as
V ±eff :=
−βx ±
√
β2x − 4αxγx
2αx
. (37)
The condition x˙2 = 0 defines the radial turning points
for some value of the test particle’s energy E. Thus, the
possible orbit types of the test particle motion can be
illustrated by this effective potentials (see Fig. 3). Para-
meter values for which the right-hand side of Eq. (36)
becomes negative are physically not allowed. Additional-
ly, we have to consider the results of the θ-potentials.
By the means of these effective potentials we conclude
that there are the following different types of orbits:
Escape orbit (EO): x starts from infinity and
approaches a periapsis and goes back to infinity.
Two-world escape orbit (TEO): A special case
of an escape orbit, where the radial turning point
lies behind both horizons. Due to causality, it
cannot repass both horizons to the former universe
but to a different universe.
Bound orbit (BO): x oscillates between two ra-
dial turning points x1, x2, where either x1, x2 ≤ x−
or x1, x2 ≥ x+.
Many-world bound orbit (MBO): A special
case of a bound orbit, where x1 ≤ x− and x2 ≥ x+.
For the same reasons mentioned considering the
TEO, each time both horizons are passed through,
the former universe cannot be reentered. So after
every oscillation, the test particle enters a different
universe.
Terminating orbit (TO): x starts from infinity
and hits the curvature singularity at x = xs.
Orbit type A represents either a many-world bound
orbit or an escape orbit depending on the initial radial
position of the test particle. Orbit types B and C
describe many-world bound orbits or two-world escape
orbits, respectively. Orbit type D denotes a bound orbit
or a two-world escape orbit again depending on the
initial radial position of the test particle.
Obviously, the effective potentials for massive and mass-
less test particles are quite similar. Anyway, Figs. 3 reveal
that, for an equal set of parameters (K,Φ,Ψ, a, b, q, µ),
there might be orbits, which are only valid for one type
of test particle. While there is a possible bound orbit in
Fig. 3c, it obviously vanishes in Fig. 3f. Nevertheless, the
6(a) K = 0.4,Φ = 0.3,Ψ = 0.3,
a = 0.3, b = 0.3
(b) Φ = 0.3,Ψ = 0.3, a = 0.3,
b = 0.3, δ = 1
(c) K = 0.2,Ψ = 0.2, a = 0.3,
b = 0.3, δ = 1
(d) K = 0.1,Φ = 0.3,Ψ = 0.3,
b = 0.2, δ = 1
(e) K = 1.8,Φ = −1,Ψ = −0.2,
a = 0.3, b = 0.1, δ = 1
(f) K = 1.7,Φ = −1.39,Ψ = −0.1,
a = 0.4, b = 0.2, δ = 1
Fig. 2: Plots of several θ-potentials for E ≥ 0. The grey-colored areas denote energy values, for which Ξ < 0 and thus need to
be excluded for physical test particle motion. Plots (a)-(d) emphasize the influence on the metric parameters δ,K,Φ and a.
Plots (e) and (f) show two typical potentials with possible θ-motion (dashed red line) between two turning points (red points)
or a constant θ-motion related to a minimum in the potential.
same types of orbits are possible for either massive and
massless test particles for arbitrary sets of parameters.
In Fig. 3a and Fig. 3b the sign of the black hole charge
q changes, while the remaining parameters are retained.
As described in Fig. (1), the horizons do not coincide
in both cases as well as the effective potentials differ,
especially for x < x−. This is again an effect of the
Chern-Simons term.
Fig. 3c and Fig. 3f also include a restricted region due
to the θ-potential. In some cases, test particle orbits
with energy equal to this θ-boundary are known to allow
terminating orbits in the five-dimensional Myers-Perry
spacetime (see [19, 20]). The same is valid for the
five-dimensional, charged, rotating, EMCS spacetime.
In Tab. I all possible types of orbits are summarized:
Orbit type Orbits Radial zeros Range of x
A MBO, EO 3
B MBO 2
C TEO 1
D BO, TEO 3
E TO 0
Tab. I: Summary of the possible orbit types in the
five-dimensional charged rotating EMCS spacetime. Thick
horizontal lines represent possible orbits, radial turning
points are illustrated by big dots and the horizons as well as
the singularity are shown as two thin vertical lines or one
thick vertical line, respectively.
7(a) K = 1.8,Φ = −1,Ψ = −0.2,
a = 0.3, b = 0.1, q = 0.4
(b) K = 1.8,Φ = −1,Ψ = −0.2,
a = 0.3, b = 0.1, q = −0.4
(c) K = 1.7,Φ = −1.39,Ψ = −0.1,
a = 0.4, b = 0.2, q = 0.2
(d) K = 1.8,Φ = −1,Ψ = −0.2,
a = 0.3, b = 0.1, q = 0.4
(e) K = 1.8,Φ = −1,Ψ = −0.2,
a = 0.3, b = 0.1, q = −0.4
(f) K = 1.7,Φ = −1.39,Ψ = −0.1,
a = 0.4, b = 0.2, q = 0.2
Fig. 3: Effective potentials for massive (a-c) and massless (d-f) test particles. The grey are are physically forbidden by the
radial geodesic equation. Regions which are energetically restricted due to the conditions of the θ-polynomial are hatched.
Different orbit types (A-D) are given by the red lines of constant energy for massive test particle and the corresponding
massless potential is shown below.
IV. ANALYTIC SOLUTIONS
A. θ-equation
As stated earlier, we obtain the following differential
equation for ξ
ξ˙2 = a3ξ
3 + a2ξ
2 + a1ξ + a0, (38)
so that the right side of the equation is a cubic polyno-
mial in ξ. We follow the same method as in the unchar-
ged Myers-Perry spacetime [20]. We make the coordinate
transformation ξ = 1a3
(
4y − a33
)
and obtain
y˙2 = 4y3 − g2y − g3, (39)
where the coefficients in the polynomial are called Wei-
erstrass invariants and are given by
g2 =
a22
12
− a1a3
4
,
g3 =
a1a2a3
48
− a0a
3
3
16
− a
3
2
216
.
(40)
Following the standard procedure for this elliptic integral,
we get
y(τ) = ℘(τ − τθin), (41)
where ℘(τ) denotes the Weierstrass elliptic function and
τθin = τin +
∫ ∞
yin
dy√
4y3 − g2y − g3
. (42)
Furthermore, τin denotes initial value and the second
term in the expression of τθin is a constant as it is a de-
8finite integral between two fixed points. Thus, it can be
evaluated in terms of the parameter values. To bring our
solution into terms of θ instead of y we substitute back
to ξ and then θ
θ(τ) = arccos
(
1
a3
(
4℘
(
τ − τθin; g2, g3
)− a2
3
))
. (43)
B. x-equation
Proceeding as above, we first write the differential equa-
tion for the x-coordinate as a polynomial in x
x˙2 = 16∆2χ = b3x
3 + b2x
2 + b1x+ b0. (44)
Since this is of the same form as the θ-equation, sub-
stituting x = 1b3
(
4z − b33
)
will give us the Weierstrass
equation with constants h2 and h3. From this, we find
the solution to be
x(τ) =
1
b3
(
4℘ (τ − τxin;h2, h3)−
b3
3
)
, (45)
where as before, τxin is a constant intial value given by
τxin = τin +
∫ ∞
zin
dz√
4z3 − h2z − h3
. (46)
C. φ-equation
The differential equation for φ involves dependencies on
x and θ. We can deal with both of these parts separately
dφθ =
Φ
sin2 θ
dτ =
1
1− ξ
dξ√
Ξ
= Rφ(y)
dy√
Y
,
dφx = − 1
∆
[(
(a2 − b2)β + µb2 + 2abq
)
Φ
+
(
µab+ (a2 + b2)q
)
Ψ +
(
aβµ+ bβq − aq2
)
E
]
= R˜φ(y)
dz√
Z
.
(47)
In the first step, we change the differential from dτ to dξ
or dx via Eq. (38) and Eq. (38), respectively, and then
we make the substitutions used earlier to bring the equa-
tions to the Weierstrass form. Here, Rφ and R˜φ are ratio-
nal functions that can be expressed via partial fraction
decomposition as
Rφ(y) =
Gφ
y − p1 ,
R˜φ(z) =
Hφ1
z − q1 +
Hφ2
z − q2 ,
(48)
where p1, q1, q2, G
φ, Hφ1 , H
φ
2 are the decomposition con-
stants. Thus, we can integrate the differentials to get
φθ − φ0θ =
∫ y
yin
Gφ
y − p1
dy√
Y
=
∫ v
vin
Gφ
℘(v)− ℘(v1)dv,
φx − φ0x =
∫ z
zin
Hφ1
z − q1 +
Hφ2
z − q2
dz√
Z
=
∫ w
win
Hφ1
℘(w)− ℘(w1) +
Hφ2
℘(w)− ℘(w2)dw,
(49)
where we substituted y = ℘(v) as well as z = ℘(w) and-
defined v1, w1 and w2 as ℘(v1) = p1, ℘(w1) = q1 and
℘(w2) = q2. Further, we introduced the corresponding
initial values φθin and φ
x
in. Using the identity
℘′(v)
℘(w)− ℘(v) = ζ(w − v) + ζ(w + v) + 2ζ(v) (50)
and the fact that the Weierstrass ζ-functions are in turn
the total derivatives of the logarithm of the Weierstrass-σ
functions, we get
φθ =
Gφ
℘′(v1)
[
ln
(
σ(v(τ)− v1)
σ(v(τ) + v1)
)
− ln
(
σ(vin − v1)
σ(vin + v1)
)
+ 2ζ(v1)(v(τ)− v1)
]
+ φθin,
φx =
Hφ1
℘′(w1)
[
ln
(
σ(w(τ)− w1)
σ(w(τ) + w1)
)
− ln
(
σ(win − w1)
σ(win + w1)
)
+ 2ζ(w1)(w(τ)− w1)
]
+
Hφ2
℘′(w2)
[
ln
(
σ(w(τ)− w2)
σ(w(τ) + w2)
)
− ln
(
σ(win − w2)
σ(win + w2)
)
+ 2ζ(w2)(w(τ)− w2)
]
+ φxin.
(51)
D. ψ-equation
Analogous to the solution of the φ-equation, the ψ-
equation depends on both x and θ
9dψθ = R
ψ(y)
dy√
Y
,
dψx = R˜
ψ(z)
dz√
Z
.
(52)
Since the equations are symmetric under the following
transformations
Φ↔ Ψ, a↔ b, θ(τ)↔ θ(τ) + pi
2
, (53)
we can use them on the φ-equation to obtain the ψ-
equation. We get
ψθ =
Gψ
℘′(v2)
[
ln
(
σ(v(τ)− v2)
σ(v(τ) + v2)
)
− ln
(
σ(vin − v2)
σ(vin + v2)
)
+ 2ζ(v2)(v(τ)− v2)
]
+ ψθin,
ψx =
Hψ1
℘′(w1)
[
ln
(
σ(w(τ)− w1)
σ(w(τ) + w1)
)
− ln
(
σ(win − w1)
σ(win + w1)
)
+ 2ζ(w1)(w(τ)− w1)
]
+
Hψ2
℘′(w2)
[
ln
(
σ(w(τ)− w2)
σ(w(τ) + w2)
)
− ln
(
σ(win − w2)
σ(win + w2)
)
+ 2ζ(w2)(w(τ)− w2)
]
+ ψxin
(54)
with some initial values ψθin and ψ
x
in.
E. t-equation
Again, we split the dt-differential into an x- and a θ-
dependent part
dtθ = E(a
2 cos2 θ + b2 sin2 θ)dτ = Rt(y)
dy√
Y
,
dtx =
1
∆
[(
µαβ − q2(α+ b2
)
E +
(
aβµ+ bβq − aq2
)
Φ
+
(
αbµ+ aαq − bq2
)
Ψ
]
dτ
= R˜t(z)
dz√
Z
(55)
with some rational functions Rt and R˜t. After substitu-
ting the form of x(τ) and θ(τ) and integrating, we get
tθ = −J t1
(
ζ(v(τ))− ζ(vin)
)− J t0(v(τ)− vin)+ tθin,
tx = −Kt1
(
ζ(w(τ))− ζ(win)
)−Kt0(w(τ)− win)
+
Ht1
℘′(w1)
[
ln
(
σ(w(τ)− w1)
σ(w(τ) + w1)
)
− ln
(
σ(win − w1)
σ(win + w1)
)
+ 2ζ(w1)(w(τ)− w1) + H
t
2
℘′(w2)
[
ln
(
σ(w(τ)− w2)
σ(w(τ) + w2)
)
− ln
(
σ(win − w2)
σ(win + w2)
]
+ 2ζ(w2)(w(τ)− w2)
)
+ txin,
(56)
where J t1, J
t
2, H
t
1 andH
t
2 are again the decomposition con-
stants, tθin, t
x
in are inital values and the other quantities
are defined as in the φ-solution.
V. OBSERVABLES
In this section we want to present the analytical expressi-
ons for some spacetime observables. These quantities are
e.g. the light deflection for escape orbits, the perihelion
shift for bound orbits or the Lense-Thirring effect. The
expressions are similar to those that we calculated for
the uncharged case of the five-dimensional Myers-Perry
spacetime [20]. Consequently, we follow along the lines of
this paper and [24–26] for calculations.
A. Deflection angle
The deflection angle of an escape orbit with radial tur-
ning point x0 =
1
b3
(
4z0 − b23
)
can be determined by
calculating the values τ∞± of the Mino time for which
x(τ∞± ) =∞. This yields
τ∞± − τin = ±
∫ ∞
x0
dx
4∆
√X = ±
∫ ∞
z0
dz√
4z3 − h2z − h3
,
(57)
where the sign is related to both branches of the expres-
sions, respectively. The total change of the angular coor-
dinates may now be calculated as
∆θ = θ
(
τ∞+
)− θ (−τ∞− ) ,
∆φ = φ
(
τ∞+
)− φ (−τ∞− ) ,
∆ψ = ψ
(
τ∞+
)− ψ (−τ∞− ) , (58)
so that the related deflection angles δθ, δφ and δψ are de-
fined as the total change of the angular coordinate minus
pi [27].
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B. Perihelion shift and Lense-Thirring effect
Now, we want to consider the perihelion shift and the
Lense-Thirring effect for bound orbits or many-world
bound orbits. The radial x- and polar θ-motion are peri-
odic with periods
ωθ = 2
∫ θmax
θmin
dθ√
Θ
= 2
∫ ey2
ey1
dy√
Y
= 2ωy1 ,
ωx = 2
∫ xmax
xmin
dx√
X
= 2
∫ ez2
ez1
dz√
Z
= 2ωz1 ,
(59)
which are related to the first fundamental period ωy,z1 of
the ℘-function.
The corresponding orbital frequencies with respect to the
Mino time τ are Υθ =
2pi
ωθ
and Υx =
2pi
ωx
. The orbital
periods of the remaining coordinates are given by
Υφ =
2
ωθ
∫ θmax
θmin
dφθ +
2
ωx
∫ xmax
xmin
dφx,
Υψ =
2
ωθ
∫ θmax
θmin
dψθ +
2
ωx
∫ xmax
xmin
dψx,
Γ =
2
ωθ
∫ θmax
θmin
dtθ +
2
ωx
∫ xmax
xmin
dtx,
(60)
where the corresponding differentials are given by Eq.
(47), Eq. (52) and Eq. (55). Finally, the orbital frequen-
cies with respect to the coordinate time t are given by
Ωθ =
Υθ
Γ
, Ωx =
Υx
Γ
, Ωφ =
Υφ
Γ
, Ωψ =
Υψ
Γ
. (61)
The perihelion shift and the Lense-Thirring effect may
now be calculated by
∆φP = Ωφ − Ωx =
Υφ −Υx
Γ
,
∆ψP = Ωψ − Ωx =
Υψ −Υx
Γ
,
∆φLT = Ωφ − Ωθ =
Υφ −Υθ
Γ
,
∆ψLT = Ωψ − Ωθ =
Υψ −Υθ
Γ
.
(62)
VI. ORBITS
In this section, we show examples of the orbit types dis-
cussed in the previous sections. The orbits are plotted in
cartesian coordinates (X,Y, Z,W ) defined by
X =
√
x+ 2a2 sin θ cosφ,
Y =
√
x+ 2a2 sin θ sinφ,
Z =
√
x+ a2 + b2 cos θ cosψ,
W =
√
x+ a2 + b2 cos θ sinψ.
(63)
A. 2D plots
In the case of θ = 0 or θ = pi2 , the four-dimensional
orbit reduces to a planar orbit in the X-Y -plane or Z-
W -plane, respectively. We want to consider orbits in the
θ = pi2 plane, thus we need to choose Ψ = 0. Furthermore,
according to Eq. (27), the Carter constant K has to be
be expressed in terms of
K = Φ2 − (E2 − δ) b2. (64)
Since, the geodesic equation of φ is now only depending
on the x-coordinate, we may find radial turning points in
such a way that φ˙ changes its sign. The related boundary
is called turnaround boundary and was introduced in [14]
due to the fact the the BMPV spacetime does not possess
an ergoregion, since its horizon angular velocity vanishes.
In the θ = pi2 -plane this equations yields two solutions.
Massive, two-dimensional escape orbit:
Fig. 4: Massive, two-dimensional escape orbit (blue) in the
X-Y -plane for parameter values: a = 0.3, b = 0.2, q = 0.2, µ =
1; Φ = −2, E = 1.42274248. The grey dashed lines represent
the horizons and the green dotted line denotes the static li-
mit. The inner static limit is beyond the singularity, which is
depicted by the grey disk, and therefore not shown.
For the same set of parameter values but a different radial
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starting point, we will obtain a massive, two-dimensional
many-world bound orbit:
Fig. 5: Massive, two-dimensional many-world bound orbit in
the X-Y -plane for parameter values: a = 0.3, b = 0.2, q =
0.2, µ = 1; Φ = −2, E = 1.42274248. Here, both values of the
static limit (green dotted lines) and turnaround boundaries
(red dotted lines) are shown. Both boundaries seem to mer-
ge outside the event horizon, while they are clearly disctinct
inside.
Furthermore, we present a massive, two-dimensional two-
world escape orbit:
Fig. 6: Massive, two-dimensional two-world escape orbit in
the X-Y -plane for parameter values: a = 0.4, b = 0.3, q =
0.2, µ = 1; Φ = −1.5, E = 3.
The effect of frame-dragging is visible, as the test particle
approaches the black hole with an opposite rotational
direction and is forced to co-rotate when crossing the
static limit.
Finally, we will plot a massless, two-dimensional two-
world escape orbit:
Fig. 7: Massless, two-dimensional two-world escape orbit in
the X-Y -plane for parameter values: a = 0.3, b = 0.2, q =
0.2, µ = 1; Φ = −2, E = 1.42274248.
Instead of restricting the test particle motion to a certain
subspace, we may choose hyperslices in the X-Z-plane
by setting ψ = φ = const. = 0. Of course, this does not
represent a physical two-dimensional geodesic as we have
shown in the former plots, but a two-dimensional slice
of the actual orbital motion. In this manner, a massive
escape orbit is shown in Fig. 8:
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Fig. 8: Massive escape orbit in the X-Z-plane for parame-
ter values: a = 0.3, b = 0.1, q = 0.4, µ = 1; Φ = −1,Ψ =
−0.2,K = 1.8, E = 1.09.
Since our chosen spacetime hyperslices do neither consi-
der a φ- nor a ψ-motion anymore, the divergences at the
horizons are omitted. This can be seen in Fig. 9, which
represents a massive many-world bound orbit:
Fig. 9: Massive many-world bound orbit in the X-Z-plane
for parameter values: a = 0.3, b = 0.1, q = 0.4, µ = 1; Φ =
1,Ψ = −0.2,K = 1.8, E = 0.9.
Fig. 10 depicts a massless many-world bound orbit:
Fig. 10: Massless many-world bound orbit in the X-Z-plane
for parameter values: a = 0.3, b = 0.1, q = 0.4, µ = 1; Φ =
−1,Ψ = −0.2,K = 1.8, E = 0.5.
A massive two-world escape orbit is shown in Fig. 11:
Fig. 11: Massive two-world escape orbit in the X-Z-plane
for parameter values: a = 0.3, b = 0.1, q = 0.4, µ = 1; Φ =
0.5,Ψ = 0.5,K = 1.8, E = 1.2.
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B. 3D plots
In order to obtain three-dimensional representations of
the test particle motion, we simply omit one cartesian
coordinate (e.g. the W -coordinate), which produces a
projection of the orbital motion.
Fig. 12: Massive, three-dimensional projection of an escape
orbit in the X-Y -Z-space for parameter values: a = 0.3, b =
0.2, q = 0.2, µ = 1; Φ = −2,Ψ = −0.2,K = 5, E = 1.5549783.
Fig. 13: Massive, three-dimensional projection of a many-
world bound orbit in the X-Y -Z-space for parameter values:
a = 0.4, b = 0, q = −0.4, µ = 1; Φ = 0.6,Ψ = −0.2,K =
1.8, E = 0.5.
Fig. 14: Massive, three-dimensional projection of a two-world
escape orbit in the X-Y -Z-space for parameter values: a =
0.3, b = 0.1, q = 0.4, µ = 1; Φ = −1,Ψ = −0.2,K = 1.8, E =
3.
VII. OUTLOOK
In this paper we have discussed the motion of test par-
ticles in the five-dimensional, charged, rotating Einstein-
Maxwell-Chern-Simons spacetime. We derived the geode-
sic equations of motion, studied their general properties
analyzed the structure of the resulting orbits. Therefore,
we investigated the effective potentials of the radial and
polar motion and employed them in order to classify the
possible types of orbits in this spacetime.
We integrated the equations of motions analytically in
terms of the Weierstrass elliptic ℘-, ζ- and σ-functions.
We presented the analytical expressions for light deflec-
tion, the periastron shift and the Lense-Thirring effect.
Finally we used the analytical solutions in order to vi-
sualize the orbital motion in two- and three-dimensional
plots.
Throughout, we emphasized the influence of the black ho-
le’s charge and elaborated the similarities and differences
to related spacetimes e.g. the five-dimensional Myers-
Perry spacetime or the four-dimensional Kerr-Newman
spacetime. Due to the fact that the spacetime action
contains a Chern-Simons term besides the usual Max-
well term, the sign of the black hole’s charge has an in-
fluence on the spacetime structure e.g. the location of
the horizons. Similar to the five-dimensional Myers-Perry
spacetime, we did not find any bound orbits outside the
event horizon but exclusively hidden behind the Cauchy
horizon. This type of orbit is also known in the Reissner-
14
Nordstro¨m spacetime [28].
As a future step, it would be interesting to add an elec-
tric charge to the test particle, although it is not known
if the equations of motion are still separable, yet. There
may be bound orbits outside the event horizon for some
appropriate value of the black hole’s and test particle’s
electric charge. Furthermore, a supplemental cosmologi-
cal constant would have a big influence on the spacetime
structure and the possible types of orbits. Accordingly,
this spacetime could be compared to the five-dimensional
Myers-Perry spacetime with cosmological constant (un-
der preparation). The addition of a cosmological constant
in five-dimensional spacetimes is also interesting concer-
ning the AdS/CFT correspondence.
The analysis of other charged rotating spacetimes in hig-
her dimensions, such as charged rotating black holes in
Einstein-Maxwell-dilaton theory [29], might be interes-
ting, as well.
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